This paper presents analytical and numerical models of liquid moulding of hybrid 
Introduction
The incorporation of carbon nanoparticles in fibre reinforced composites has become a matter of great interest in the aerospace industry in recent years. The extraordinary electrical, thermal and mechanical properties of carbon nanoparticles combined with the structural and properties of lightweight fibrous composites makes hybrid composites an attractive class of materials. Liquid moulding techniques such as resin transfer moulding (RTM) and vacuum assisted resin transfer moulding (VARTM) are common techniques for the manufacture of fibre reinforced composites. When carbon nanoparticle filled resins are utilised in liquid moulding processes, a stable and homogenous dispersion of the nanoparticles in suspension is paramount for an efficient transfer of their unique properties to the final composite [1, 2] . Increasingly higher nanoparticle contents lead to unacceptably high viscosity suspensions for infusion. In addition to the viscosity issues related to high particle content, filtration of particles by the reinforcement can also slow down the resin flow front and lead to long infusion cycles or ultimately to incomplete filling. Particle filtration is a complex phenomenon, which depends on a combination of processing conditions, such as the injection pressure or flow rate and flow direction; as well as the material properties, namely chemical and physical characteristics of the particles, the resin and the porous media. Cake filtration and deep bed filtration are the two main mechanisms occurring during liquid moulding of carbon nanoparticle filled resins. Cake filtration is manifested as volume capture taking place when the particle size is larger than the pore size. Deep bed filtration is characterised by the gradual capture of particles smaller than the pore channels.
Continuous capture of particles leads to narrowing of the available pore channels which may ultimately result in cake filtration. Particle size governs the distinct volume and/or surface phenomena taking place during deep bed filtration [3] . Generally, for suspensions containing large particles (d ≥ 30 µm) volume phenomena prevail over surface phenomena; whilst for small particles (d ~ 1 µm) surface interactions are predominant; for particle dimensions between 3 µm and 30 µm, both volume and surface phenomena can occur. Other classifications of the filtration mechanisms are based on the ratio between the particle mean diameter and the grain mean diameter of a grain bed [4, 5] .
In composites processing the objective may be to entrap all the particles in one layer, or achieve an uniform distribution of particles in the composite, or even create a particle concentration gradient characterised by high carbon nanoparticle content in some regions critical to the design/functionality of the component and low content regions in the rest of the part. In all of this potential scenaria a good understanding of the infusion process and the main effects filtration has on process parameters such as viscosity, porosity and permeability is paramount for process design and control.
Deep bed filtration phenomena through porous media have been widely studied in several natural and industrial fields/areas, such as oil extraction, wastewater treatment and contaminated ground water flow [6] [7] [8] . The modelling of flow of particle filled resins in fibrous media in the manufacture of hybrid composites by liquid moulding has received limited attention up to date. A 2-D Eulerian multiphase approach combined with a control volume finite element model has been used in order to predict the trajectories of spherical carbon nanoparticles in a resin suspension during liquid moulding [9, 10] . A 2-D numerical model coupling Stokes-Brinkman laws, accounting for hydrodynamic interactions between the particles and the fibre walls, was utilised to describe the flow in dual-scale porous media during liquid composite moulding [11] .
Particle filtration mechanisms were investigated by Nordlund et al. [12] in a resin infusion scenario by velocimetry and microscopy. A stochastic approach, based on the Monte Carlo method has been proposed to simulate liquid filtration of spherical particles through non-woven fibrous media [13] . Macroscopic models of filtration such as the ones developed by Erdal et al. [14] and subsequently enhanced by Lefevre et al. [15, 16] couple Darcy's flow with a conservation of mass and filtration kinetics. This type of approach was used in combination with probabilistic methods to determine the particle concentration distribution in the thickness direction of a composite manufactured during VARTM infusion [17] . Recently, a constitutive model approach for filtration was developed in [18] , while the filtration constant was determined experimentally as a function of the suspension concentration and the shear rate. Despite the contribution of this experimental methodology, the experimental results did not validate the model. 
Model development

Boundary value problem
The physics of the one-dimensional flow and filtration problem are represented by conventional Darcy's law (Eq.2) associated with a continuity condition (Eq.1) and a particle mass conservation (Eq.3) combined with filtration kinetics (Eq.4) based on work by Lefevre et al. [15, 16] . The suspension Darcy velocity U is driven by the pressure P gradient in the cavity, and is proportional to the permeability over viscosity The second term in the RHS of Eq. 4 represents the rate of particle re-suspension. The latter is considered to be proportional to the product of the concentration of retained particles by the flux of suspended particles and k r represents the re-suspension constant.
The problem described by Eqs (1)-(4) has four unknowns: the velocity (U), the pressure (P) and the concentration of suspended (C) and retained (σ) particles.
A schematic of the 1-D flow and filtration problem is shown in Fig. 1 . The resin flow front position (h) is considered equal to zero at the beginning of the filling process.
Throughout the injection period, the concentration of suspended particles at the inlet equals the initial concentration of particles in the resin C 0 , whilst the retention of particles at the resin flow front position is considered to be equal to zero. The pressure at the flow front position is equal to the vacuum pressure P ∞ . Particle re-suspension is considered negligible (k r = 0) since the flow direction is constant during injection.
The boundary condition of the flow problem at the inlet of the flow can be of the first type (Dirichlet), the second type (Neumann) or a combination of the two depending on the control strategy implemented in production. When considering a pressure controlled injection, the pressure at the inlet position corresponds to the injection pressure P o . In the case of flow control the resin flow at the inlet V o is kept constant throughout the process. In the case of flow control with a maximum pressure constraint, which is the most realistic condition for an industrial setup, the resin flow is constant at V o up to the time t o at which the pressure required to sustain the constant flow exceeds a certain pressure limit P o . This type of boundary condition is implemented as a complementarity problem. Eqs.5-6 summarise this set of boundary conditions.
where Eq.6.a corresponds to a prescribed pressure condition at the inlet, Eq.6.b to prescribed flow and Eq.6.c to prescribed flow subject to a pressure constraint.
Analytical solution of the linear problem
The solution for the concentration of suspended C and retained particles σ presented in Eqs.7 and 8 is independent of the inlet flow boundary condition type (Eq.6) and is determined via combination of Eq.3 and 4 and considering the linear assumptions of constant permeability, viscosity and porosity; zero re-suspension of particles; and retention rate proportional to the flux of particles.
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In the case of prescribed flow at the inlet (Eq.6.b) the boundary value problem yields
In the case of the combined boundary condition expressed by Eq.6.c the solution is:
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These solutions reproduce the expected limit behaviour with respect to the value of k o , i.e. a total loading equal to the initial suspended concentration (C o ) for zero filtration constant and loading equal to zero everywhere except the inlet in the case of infinite filtration. The narrowing of the reinforcement flow channels caused by the accumulation of nanoparticles results in a reduction of porosity as the resin flow front progresses. The contribution of resin entrapped within particle aggregates or between particles and reinforcement was neglected due to the diluted nature of the suspension and limited particle retention. The following relation is adopted to account for this effect:
Non-linear material models
where ε o denotes initial porosity and ρ NP the density of the nanoparticles. It should be noted that in the conditions used in this work the influence on porosity is negligible due to the small particle retention concentration compared to the volume fraction of the liquid. However, Eq.12 allows application of the model in situation of high retention.
The Kozeny-Carman relation can be used to describe the dependence of permeability on porosity [19, 20] as follows:
where A represents a constant. Similarly to the porosity case, Eq.13 was only adopted to allow generalisation of the model since the influence of retention on permeability is expected to be weak in the conditions of this study. The implementation of the model presented here is consistent with other permeability sub-models available in the literature.
Variations in suspended particle concentration lead to variations in viscosity. The model presented in [21] was adopted here to represent this effect as follows:
Here η o denotes the viscosity of the liquid medium, φ m is the packing fraction of the filler and η I is the intrinsic viscosity of the filler which expresses the sensitivity of the suspension viscosity to the filler volume fraction at the limit of negligible filler content.
The selection of this material sub-model to express the dependence of viscosity on nanoparticle content is based on the successful representation of this non-linear dependence by Eq.14 as well as the incorporation of a physically meaningful parameter (packing fraction) that controls the high concentration behaviour without the need of demanding experimental effort. 
Finite difference formulation and implementation
...
which accompanied by the boundary condition at the flow front ( 0 j i σ = ) allows the explicit calculation of the retained concentration profile at time t j+1 based on the solution for the previous increment.
The finite difference form of Eq. 3 follows a backward time-forward space scheme , ...
which accompanied by the condition of prescribed concentration at the inlet ( 0 C j 0 = ) allows the explicit calculation of the suspended concentration at nodal points, using the suspended concentration solution for the previous increment and the retained concentration solution for the current increment. The calculation of the retained and suspended concentration allows the updating of material properties via Eqs.12-14, which enables the solution of the flow problem to be made taking into account the nonlinearities due to filtration. The finite difference formulation of the flow problem differs depending on the type of boundary condition at the inlet (Eq.6). In the case of flow control (Eq.6.b) the fluid velocity is known a priori and Eq.2 can be solved explicitly using a trapezoidal scheme
subject to the boundary condition of prescribed pressure at the flow front (
In the case of pressure control (Eq.6.a) a centered approximation of Eqs.1 and 2 yields , ...
which accompanied by the outlet condition and the inlet pressure boundary condition ( o j 0 P P = ) form a system of equations that is solved to compute the pressure profile approximation.
The implementation of the flow solution follows the generic boundary condition expressed by Eq.6.c. When the code starts flow control is enabled and at the end of each increment the pressure at the inlet is compared with the pressure constraint P o . If the inlet pressure is greater than P o pressure control is enabled. The monotonous increase of pressure at the inlet ensures that once pressure control is enabled the status of the type of solution required does not change.
Results and discussion
Convergence and stability of the finite difference model
Successful simulation of the non linear flow/filtration fields using finite differences is conditional on the appropriate numerical behaviour of the scheme proposed. The A comparison between the finite difference solution and the analytical model is illustrated in Fig. 3 . The simulation converges to the analytical solution as the relative error in the computation of pressure, flow front position, and retained and suspended concentrations is about 5% for a grid with more than 50 nodes and 2% for a grid size with more than 100 nodes ( Fig. 3(a) ). The evolution of the flow front position predicted by the finite difference solution converges to the analytical solution as the grid is refined (Fig. 3(b) (Fig. 4(b) ). Equivalent stability is observed for the pressure distribution and concentrations; the results for pressure and retained concentration at a flow front position of 10 cm (Fig. 4(c) and 4(d) ) are characteristic of the whole solution.
The analysis presented here demonstrates the validity of the finite difference model solution as the linear case can be shown to be stable and consistent with the analytical solution. Furthermore, the non-linear version of the finite difference model is stable with mesh refinement. Thus, the numerical implementation can be considered appropriate. Future experimental validation will allow testing of the validity of the material laws used.
Range of applicability of the analytical model
The analytical model is preferable in the context of process design mainly due to the computational efficiency, when iterative use is necessary, as well as the relative simplicity of its input. An evaluation of the range and extent of its validity in approximating a non-linear situation is valuable deciding whether its usage is adequate in a certain design situations. Two process parameters were identified as the most appropriate set for evaluating the effect of non-linearity; namely the filtration constant Simulations were carried out using the inputs listed in Table 1 
Conclusions
The The models can find direct application to the expanding field of processing of hybrid composites. Process feasibility investigations are possible using both the analytical and the numerical solutions. The analytical model lends itself to process design due to its computational efficiency and simplicity in input parameters. Furthermore, these models enable process design of graded nanocomposites to be made. The capability to predict the distribution of concentration of nanoparticles will lead to the development of processes producing hybrid composites with strategically selected nanoparticles distribution, maximising both performance and efficiency of the reinforcement.
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Fig. 1 Schematic of the flow and filtration problem
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